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Ahstracf-This study mainly focuses on the terminal sliding 
mode control (TSMC) strategy design, including an adaptive 
terminal sliding mode control (ATSMC) and an exact-estimator­
based terminal sliding mode control (ETSMC) for second-order 
nonlinear dynamical systems. In the ATSMC system, an adaptive 
bound estimation for the lump uncertainty is proposed to ensure 
the system stability. On the other hand, an exact estimator is 
designed for exact estimating system uncertainties to solve the 
trouble of chattering phenomena caused by a sign function in 
ATSMC law in despite of the utilization of a fixed value or an 
adaptive tuning algorithm for the lumped uncertainty bound. 
The effectiveness of the proposed control schemes can be verified 
in numerical simulations. 
Keywords-Terminal sliding mode control, nonlinear dynamical 
system, adaptive estimation, uncertainty. 
I. INTRODUCTION 
S liding mode control (SMC) is known to be one of the most effective nonlinear control techniques, due to its 
invariance property to any matched uncertainties on the sliding 
mode surface [1]. Some applications of sliding mode control 
for nonlinear systems are presented in [2]-[11]. In [2], 
Sabanovic has presented a comprehensive overview of the 
application of variable structure systems with sliding mode 
control methods in motion control systems. A total sliding­
mode control (TSMC) scheme for the voltage tracking control 
of a conventional dc-dc boost converter was designed in [3], 
and a cubing control using a sign function to ensure 
asymptotic stability of the TSMC system is necessary. Khoo et 
al. studied the finite-time consensus control problem for multi­
robot network in [4]. A new terminal sliding variable, which 
incorporate the connection topology of the multi-agent 
network was proposed and it has been proven that leader­
follower consensus and cooperative formation of multi-robot 
network can be reached in a finite time. 
For SMC system, a switching control term that consists of 
a sign function is required to drive and constrain the system 
state to lie within a neighborhood of the prescribed switching 
manifolds that exhibit desired dynamics. On the sliding mode 
surface, the closed-loop system response is totally insensitive 
to both parametric uncertainties and external disturbances. 
Due to the existence of unknown uncertainties, switching 
control term is required to maintain the sliding variable on the 
sliding mode surface, which leads to the undesired chattering 
effect. A robust sliding mode control theory was developed in 
[5] and the saturation function was utilized to avoid serious 
switching control effort. Kowalska et al. [6] presented a 
modified sliding-mode structure implemented for speed 
control of a two-mass drive. To eliminate the chattering 
phenomenon, a switching function with a variable slope based 
on the fuzzy system is implemented. 
In general, the gain of the switching control term is chosen 
based on the uncertainty bound, therefore, the selection of the 
switching control gain is very important in the design of a 
SMC system. Li and Xu [7] improved sliding mode control 
with perturbation estimation (SMCPE) featuring a PID-type 
sliding surface and adaptive gains for the motion tracking 
control of a micromanipulator system with piezoelectric 
actuation. In [7], the control gains were tuned by a modified 
adaptive law where the gains are updated only when the 
absolute value of the sliding variable exceeds a given upper 
bound. An intelligent sliding mode speed controller for 
achieving favorable decoupling control and high precision 
speed tracking performance of permanent-magnet 
synchronous motor (PMSM) drives was proposed in [8], and a 
wavelet-neural-network (WNN) bound observer was utilized 
to predict the uncertain system dynamics to relax the 
requirement of uncertainty bound in the design of SMC. In [9], 
Lin presented a decentralized intelligent double integral 
sliding-mode control (IDISMC) to regulate and stabilize a 
fully suspended five-degree-of-freedom (OOF) active 
magnetic bearing (AMB) system. It has been shown that the 
control gains of the IDISMC can be adjusted on-line and the 
system uncertainty can also be observed simultaneously by 
using of a modified proportional-integral-derivative neural 
network (MPIDNN) observer. However, the convergence of 
the estimator error cannot be proven. To mimic an ideal 
sliding mode control, an adaptive recurrent cerebellar model 
articulation controller is developed by Peng [10] to control a 
class of uncertain nonlinear systems. Similarly, a neuro-fuzzy 
based sliding mode controller was proposed in [11] of which, 
the connective weights of the neuro-fuzzy inference system 
were trained and updated by the error between the estimated 
and desired motor speeds. Although it is proven that the 
tracking error can be brought to converge to a bound, the ideal 
sliding mode surface cannot be reached. The main topic in this 
study is to investigate effective estimation method and embed 
it into a terminal sliding mode controller for general nonlinear 
control system. 
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II. SECOND-ORDER NONLINEAR SYSTEMS 
Consider a second-order nonlinear system 
x= f (x,x )+b(x )u+ I, (I) 
where x and x are the system state variables; f(x,x) 
denotes a nonlinear dynamic function; b(x ) expresses the 
control gain; u is the control input; and fd (x) represents the 
external disturbance. Assume that the system parameter 
variation and external force disturbance are absent, rewriting 
(1) as follows can represent the nominal model of a second­
order nonlinear system: 
x = J;,(x,x)+bn(x)u (2) 
where J;,(x,x) is the nominal value of f(x,x) ; bn(x) is the 
nominal constant value of bn(x ) . If the uncertainties occur, 
i.e., the parameters of the system are deviated from the 
nominal value or an external force disturbance is injected into 
the system, the dynamic equation of the controlled system can 
be modified as 
x = [J;, (x, x) - L1/(x,x)] + [bn (x) - M(x)]u - I, 
= fn(x,x) +bn(x)u -Iu 
(3) 
where !1.f(x,x) , !1.b(x) , and fd denote the system 
uncertainties; lu is called the lumped uncertainty and is 
defined as 
lu = L1/(x,x) + !1.b(x)u + fd (4) 
Here, the bound of the lumped uncertainty is assumed to be 
given, that is, 
Ilul < p (5) 
where p is a given positive constant. 
III. ADAPYIVE TERMINAL SLIDING MODE CONTROL DESIGN 
FOR SECOND-ORDER NONLINEAR SYSTEMS 
Terminal sliding mode control [12]-[13] is proven to 
achieve superior robustness and high-precision tracking 
performance compare to the conventional sliding mode control 
[14]. The finite-time convergence and high accurate tracking 
capabilities of terminal sliding mode control make it an ideal 
candidate for nonlinear control system. A terminal sliding­
mode control (TSMC) strategy is described and the relative 
control block diagram is depicted in Fig. 1, where Xd is the 
command. The control problem is to find a suitable control 
law so that the system state can track the desired command. 
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Fig, I, Terminal sliding mode control system. 
For the TSMC design, first define the tracking error as 
e = Xd -x where Xd and x are the command and actual 
system state, respectively. The detailed derivations of TSMC 
strategies are described as follows. 
To design a continuous terminal sliding mode control, first 
define terminal sliding variable as 
I .plq ST =e+-e 
Ar 
(6) 
where /I-r is a positive constants, p and q are odd positive 
integers satisfYing 1 < p /q < 2 . Differentiating (6) with 
respect to time yields 
. . / 
1 .plq_I .. sT=e+pq-e e 
/IT 
. / 
1 . pi q-I [.. -r b I ] =e+pqTe xd-J n- nXu+u I 
An ideal TSMC control law can be selected as 
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-I 
·2-plq -- X - + + pq- e 
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d n u 
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+ 
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p /q 
�,T 
e'-
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(7) 
(8) 
we claim that the control (8) will guarantee the convergence of 
terminal sliding variable, Sr to the terminal sliding mode 
surface ST = 0 in finite time. To prove our claim, first define a 
Lyapunov candidate, VT = 1 /2s; . Differentiating VT with 
respect to time and using (8) yield: 
�, = STST 
=sr {e+p/q � ePlq-I [Xd-J;,-bnXU+I,,l} (9) 
=-k p/q2..ePlq-lsPlq T A T T 
By refomulate (9), we have 
. --k /...!.... . plq-I p,lq �,- TP q e s, AI 
1 plq . 
= -J2kTp /q-eP
lq-IV;-2" 
AI 
(10 ) 
Since 0 < (p /q) / 2 < 1 ,  base on the fact that e is not an 
attractor [13], and using the finite-time stability theorem in 
[12], [15], this gives the required finite time convergence of 
VI to zero, which also implies the finite-time reachability of 
terminal sliding variable to the terminal sliding mode surface. 
On the terminal sliding mode surface, ST = e + (1 / AI )ePI q = 0 , 
we reach the required finite time tracking performance. 
However, the system parameter variations and external 
disturbance are difficult to measure, and therefore, the exact 
lump uncertainty information is unknown for practical control 
system design. 
Thus, a simple bound estimation adopted in the TSMC 
system is organized to form an adaptive terminal sliding mode 
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system, the adaptation law for the bound of the lumped 
uncertainty, p, is designed as 
P = 17 lpl q�ep/q-1SJ' I 
/IT 
(11) 
and the estimated error p is defined as 
p = p- p (12) 
According to the ideal TSMC law in (8), the A TSMC law can 
be represented as 
1 [.. + ( I 1 J -1 ·2-p/ q UAJ�\"M= bXd- Jn+ lpqAr e 
(13) 
( I 1 J -1 .l-p/qk p/q-l '. ( I 1 . p/q-l J] +lP q Ar e J'sJ' + pSlgn lP q Ar e Sr 
Consider the dynamic model of a second-order nonlinear 
represented by (4), if the ATSMC law is designed as (13) with 
the adaptation law (11) for the bound of the lumped 
uncertainty, then the stability of the ATSMC system can be 
guaranteed. 
Define a Lyapunov function candidate as 
VAr = V] + (1/ 217 ) p2 (14) 
The derivative of VAr with respect to time can be expressed as 
follows: 
V· - { . I 1 . p/q-l [.. + b I l} 1 -; AT Sr e + p q Ar e Xd - .In - n xu + u --;; pp 
= -krs; - ipi q�ep/q-lsr IP- [PI q�ep/q-1SJ' ] lu (15) 
/1..] /1.., 
S; -kTS� - Ip I q � eP/q-1 ST I(p -II" I) s; -krs� s; 0 
Since VAl'S; 0 , VAl' (sJ' (t), p) is a negative semi-definite 
function (i.e., VAr(sr(t),P) S; VAJ'(sr(O),p) ), which implies 
that sr and p are bounded functions. Let function 
pet) = krs� S; -VAT (ST (t), p) , and integrate function pet) with 
respect to time 
f' p(K) dK S; VAT(sr(O),P)- VAr (sr (t),p) (16) Jo 
Because VAr(sr(O),p) is bounded, and VAr(sr(t),p) is non­
increasing and bounded, the following result can be obtained: 
lim f' p(K) dK < 00 (17) 
I�YJ Jo 
Also, pet) is bounded, so by Barbalat's Lemma [16], it can be 
shown that lim pet) = o. That is, s, go to zero as time tends 
1-->"" 
to infinite. 
Unfortunately, the adaptation law in (11) is always positive 
and the tracking error introduced by any uncertainty will cause 
p to grow as time goes. This implies that the ATSMC law in 
(13) will eventually result in large chattering effect. In other 
words, the controlled system may be unstable, especially in 
oractical svstem. Bv observim! (J 3), the chatterim! 
phenomenon is unavoidable as long as a sign function is 
existing in the control law in despite of the utilization of a 
fixed value or an adaptive tuning algorithm for the lumped 
uncertainty bound. In order to deal with this problem, a 
lumped uncertainty estimator is further designed in the next 
section. 
IV. EXACT ESTIMATOR DESIGN 
To achieve better control performance and eliminate 
chattering, first, an exact differentiator [16] will be used to 
estimate the unknown lumped uncertainties I" , then, the 
continuous nonsingular terminal sliding mode control 
proposed in [12] will be used to design the controller to 
guarantee good tracking performance. Moreover, the control 
block diagram is depicted in Fig. 2. 
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Fig. 2. Exact-estimator-based terminal sliding mode control system. 
Since the lumped uncertainties appear in series with the 
controller, to estimate these uncertainties by directly adopting 
the exact differentiator in [16] will involve calculating the 
time derivative of the terminal sliding control input. The 
finite-time convergence property of terminal sliding mode 
control will result in infinite time derivative of the control 
signal. In this section, to avoid the singularity issue for the 
estimator design while remaining the nice property of exact 
differentiator, we propose the following modified exact 
estimator: 
where 
xe = -1" +bxu+ In -/1..0"1I2sign(0") , (18) 
0" = Xc - X, a> Ii" I, /1.. � 2 Ii" I ( a + Ii,. II a -Ii" I) , and 
ill = fasign(O")dt is the estimate of the lumped uncertainties. 
To show the convergence of 1" to I" in finite-time, first 
define new coordinate � = -i,. + bn xu + In -x. Using (4) in 
the coordinates 0" and � , we have 
a- = xc-x 
= -1" + bn xu + !., -/1..0"112 sign(O") -x 
= -/1..0"112 sign( 0") + �, 
. a(bnxu+!.,) a(bnxu+fn) . �=-asign(O")+ . +1 The at at " 
corresponding differential inclusion is 
a- = _AO"I/2sign(0")+�, 
t E -[ a-I(I,a+I(IJ sign(O"), (19) 
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which is in the form of equation (13) of[16]. Since a> 1(1 ' 
based on [16], (J and'; will converge to (J =,; = 0 in a finite 
time. Base on the definition of '; we have 
,; = -1" +bn xu+;;, -(;;, +bn xu -Iu) = 0 ,  which also implies 
the required lu = lu . The the exact-estimator-based terminal 
sliding mode control (ETSMC) law can be selected as 
_ I .. A I .  2-p/q [ [ J� UUSM - b Xd - In + lu + pi q A.I e 
+ [ p / q �,J ,'-"" k,,,,"-1 
(20) 
According the prove step from (9) to (10), the convergence 
of terminal sliding variable in finite time can be ensured. 
Besides, the lump uncertainty can be estimated exactly in the 
control system. 
v. NUMERICAL SIMULATIONS 
In this section, the proposed ATSMC and ETSMC 
technique are applied to two cases of second-order nonlinear 
systems include a servo motor control (example I) and a 
magnetic levitation system (example 2). The simulations of 
the proposed control for motor position control are carried out 
using implemented via the "Matlab" package in Windows 
system, and sample rates are all set at 2ms. Simulations of the 
proposed control systems are depicted in Figs. 3-6. The sub­
figure (a) are the tracking responses; the sub-figure (b) is the 
control effort; the sub-figure (c) is the phase portrait; the sub­
figure (d) is the uncertainty and estimated value. 
1) Example 1 (servo motor control system): The induction 
motor (1M) drive system is one of the famous actuator in 
industrial applications. The mechanical equation of an 1M 
drive system can be represented as [17]-[ 19] 
Je,(t)+Ber(t)+TL = � (21) 
where Or is the rotor position; J is the moment of inertia; B is 
the damping coefficient; �. represents the external load 
disturbance; � denotes the electric torque. With the 
implementation of indirect field-oriented control [17], [18], 
the mechanical dynamic of the 1M drive system: 
iir (t) = -(B I J)er (t) + (K{ I J)i;, (t) - (I I J)� (22) 
where i;s (t) is the control effort. The detailed parameters of 
the 1M are given as follows [20]: 
K,=004851 NmIA, ]=4.78xI0-3 Nms2, 
(23) 
B=5.34xI0-3 Nmslrad 
Moreover, the control parameters of the proposed 
methodologies are given as follows: 
A.r = 50, P = II, q = 9, kr = 10, TJ = 004, a = 250 (24) 
All the parameters in the proposed control system are chosen 
to achieve the best transient control performance In 
simulations considering the requirement of stability. To 
investigate the effectiveness of the control schemes, the 
simulations. 
1 1+0.5�in(2t) 4 � 8sec T -L - 1 + 0.5rand(1) 8 � 12sec 12 � 16sec (25) 
o otherwise 
The simulated results of the ATSMC due to periodic 
sinusoidal and step commands are shown in Fig. 3 and 4, 
respectively. In Fig. 3(a) and 4(a), the rotor position follows 
the reference trajectory well before 4s, but the performance 
becomes poor because of the external disturbance occurring 
after 4s. Moreover, the obvious tracking can be seen after 4s. 
Fasting tuning rate can make the estimated bound achieve the 
actual bound in Fig. 3( d) and 4( d), but the estimated bound is 
rapidly increased with time so that the attitude control force 
tends to diverge. Besides, chattering control efforts in Fig. 3(b) 
and 4(b) is undesirable phenomenon. It will wear the 
mechanical structure and might excite unstable system 
dynamics. 
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Fig, 3, Numerical simulations of ATSMC for example I during sinusoidal 
command, 
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Fig. 4. Numerical simulations of ATSMC for example I during periodic step 
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The simulated results of the ESMC due to variable step 
commands are shown in Fig. 5 and 6, respectively. By 
observing Figs. 5( d) and 6( d), when disturbance is fixed, 
continue varying, even discontinue random noise, the 
estimated value will track the actual uncertainty very closely. 
As can be seen from Fig. 5(a) and 6(a), the error state vector 
converges quickly, and the robust control characteristics under 
different external disturbance can be clearly observed. 
Moreover, the chattering phenomena in the ATSMC systems 
are eased off as shown in Fig. 5(b) and 6(b) since the ETSMC 
system possesses the ability of the online estimation of the 
lumped uncertainty. 
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Fig. 5. Numerical simulations of ETSMC for example I during sinusoidal 
command. 
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Fig. 6. Numerical simulations of ETSMC for example I during periodic 
step command. 
maglev system can be represented as [21] 
mz = f - fg = Gfu-mg. (26) 
where m is the total mass of maglev platform; u is the control 
effort, Gf is relative to the gains of magnetic levitation force 
and current amplifier; g is acceleration of gravity. Consider 
(26) with parameter variations and external disturbance, the 
actual dynamic model can be represented realistically as 
(m + Lim)z = (Gf + LiGr)u -(m + Lim)g + fd , (27) 
where Lim and LiGf denote the uncertainties introduced by 
system parameters and unmodelled dynamics; fd expresses 
the external disturbance in practical applications. By defining 
the lumped uncertainty as lu = Limz -LiG fU + Limg - fd' (27) 
can be rewritten as 
z = (Gf / m)u -g -Iu , (2S) 
where the bound of the lumped uncertainty is assumed to be 
I/u 1< p. The detailed parameters of the maglev system are 
given in [21]. Moreover, the control parameters of the 
proposed methodologies are given as follows: 
Ar = 50, P = 1 1, q = 9, 
(29) 
kr = 70, 7J = 1.5, a = 200 
All the parameters in the proposed control system are 
chosen to achieve the best transient control performance in 
simulations considering the requirement of stability. To 
investigate the effectiveness of the control schemes, the 
following external disturbance (30) are considered in 
simulations. 
{ 0 
J, - 1 d
Ixsin(1) 
o � 4sec 
4 � Ssec 
othenvise 
(30) 
The simulated results of the ATSMC and ETSMC due to 
variable step commands are shown in Fig. 7 and S, 
respectively. In the an inherent unstable maglev position 
system, poor control performance and the serious switching 
control effort due to incorrect uncertainty bound estimation 
can be found in Fig. 7. Besides, the gain of the magnetic 
levitation force, G f ' is not only influenced by the air-gap 
length, but also by the variation of the permeability in 
different operating points. It will make uncertainty estimation 
more difficult. The switching degree in control effort and the 
robustness of the control system has to be traded off by 
choosing different adjusting rate. Besides, the estimated bound 
will be gradually increased with time so that the control efforts 
tend to diverge. The tracking responses can be further 
improved using ETSMC as shown in Fig. S due to the terminal 
sliding surface possesses faster and higher precision tracking 
characteristics with previous control system. In Fig. Sea), the 
levitation height can follow the command height well. Owing 
2) Example 2 (magnetic levitation precision-position to the robust characteristic of the proposed ETSMC system, 
system): The magnetic levitation (maglev) technique is the system states return to the corresponding reference 
always a hot topic in the engineering field. Moreover, the trajectories promptly. Even if the step command changes at the 
levitation control is a subject of considerable scientific interest lOs or unpredictable changes of weight occurred at 4s and Ss 
because of highly nonlinear and unstable. The dynamic of a o",,,,....., rl o ; ,., P;" !!{,,\ th., tr""1<;,.,,, ., .. r,...r ",....., ''., .. ""'0 t,... ",., 
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acceptable region quickly. The exact estimation proposed in 
this study possesses excellent uncertainty estimate 
characteristics, and the estimated value can track the real lump 
uncertainty in actual control system. 
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Fig. 7. Numerical simulations of ATSMC for example 2. 
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Fig. 8. Numerical simulations of ETSMC for example 2. 
VI. CONCLUSIONS 
10 15 20 
This study has successfully investigated ATSMC and 
ETSMC for second-order nonlinear system. First, a simple 
adaptive bound estimation method is embedded in the TSMC. 
To deal with the unstable chattering phenomenon, the exact 
estimator has been designed successfully in TSMC system, 
and it can easy to be applied for many kinds of control 
problems. The ETSMC system has successfully used to a 
servo motor control and an inherent unstable maglev position 
system. It has the salient merits of favorable robust 
characteristic, control effort with alleviative chattering, and 
online observation of lumped uncertainty. 
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